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Introduction



Introduction

� We now introduce principles of parameter estimation, as well

as associated theory.

� The three approaches we have considered thus far (MoM,

MLE, Bayes) are great starting points, but we would like to

study general properties of parameter estimations, and how

these approaches align with these properties.

� There is no “correct” order in which these material are

presented, so we deviate a bit from our textbooks.

� This work is largely based on Rice (2007, Sections 8.5.2,

8.7–8.8), Casella and Berger (2024, Chapters 6, 7, 10), as well

as some supplemental material from Pawitan (2001).

1 / 72



Fisher’s Information



Curvature of the Likelihood Function

� Both the MLE and Bayesian estimates are forms of Likelihood

based inference.

� For the MLE, we are interested in the maximum of the

likelihood function.

� For Bayesian inference, the posterior distribution is the

(scaled) product of the likelihood and a prior distribution:

π(θ|x) ∝ L(θ)× π(θ).

� In both instances, the shape of the likelihood function L(θ) is

of interest.

2 / 72



Curvature of the Likelihood Function II

� Coming up: We’ll introduce the score function, and Fisher’s

Information. The latter can be used to obtain uncertainty

estimates for any parameter estimated using the MLE

technique.
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Curvature of the Likelihood Function III

Definition: The score function

Let L(θ) = f(x∗; θ) be the likelihood of some model, conditioned

on the observed data (x∗ is assumed to be multi-variate). Then

we define the score function S(θ) to be:

S(θ) =
∂

∂θ
logL(θ).

� Assuming the MLE θ̂ exists and is not a boundary point, then:

S
(
θ̂
)
= 0.

� As written, the score function is dependent on a fixed data

set: x∗.
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Curvature of the Likelihood Function IV

� We could also expand this by considering it as a random

function of any possible data X, which is random.
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Curvature of the Likelihood Function V

� Since we are interested in the curvature of the likelihood

function, we should also consider the second derivative.

� At the MLE, the second derivative of the log-likelihood will be

negative, so it’s natural to consider the negative second

derivative of the log-likelihood:

I(θ) = − ∂2

∂θ2
logL(θ).

� Again, we are treating the likelihood function L(θ) as a

regular (non-random) function, fixed on x∗ (this is slightly

different than many texts).

� In this case, we call I(θ) the observed Fisher’s Information, at

the point θ.
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Curvature of the Likelihood Function VI

Comment: joint information

We can define the information for just a single point Xi = x∗i ,

Ii(θ) = − ∂2

∂θ2
log fXi(x

∗
i ; θ),

or for the entire collection: X1:n = x∗1:n:

I(θ) = − ∂2

∂θ2

∑
i

log fXi(x
∗
i ; θ) =

∑
i

Ii(θ).

� The curvature at the MLE is of particular interest.
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Curvature of the Likelihood Function VII

Definition: The Observed Fisher Information

Let L(θ) be the likelihood function, fixed on the observed data

x∗. Unless otherwise specified, the observed Fisher information is

understood to be the negative second derivative of logL(θ),

evaluated at the MLE:

I
(
θ̂
)
= − ∂2

∂θ2
logL

(
θ
)∣∣∣

θ=θ̂

Note that when θ is multi-variate, this is a matrix with entries:[
I
(
θ̂
)]

i,j
= − ∂2

∂θi∂θj
logL(θ)

∣∣∣
θ=θ̂

,

also denoted I
(
θ̂
)
= −∇2 logL

(
θ̂
)
.
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Curvature of the Likelihood Function VIII

� Note that large values of I
(
θ̂
)
in the univariate case (and

large eigen-values / determinant in the multivariate case)

indicate a “tight peak” around the maximum, suggesting less

uncertainty about the parameter θ.

Observed Fisher’s information, Binomial Distribution

Let X ∼ Binom(n, θ). Find the MLE by setting the score

function equal to zero, and then use that to compute the

observed Fisher’s information.
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Curvature of the Likelihood Function IX

Observed Fisher’s information, Normal Distribution

Suppose X1, . . . , Xn are iid from N(θ, σ2), with known σ2. Find

the MLE by setting the score function to zero, and then calculate

the joint information, In(θ) at the MLE.
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Curvature of the Likelihood Function X

� Calculating the observed Fisher’s Information at any given

point is rather simple: Find the likelihood, take second

derivative(s), plug in desired point.

� However, because data are random, we may want to consider

the expected Fisher’s information.
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Curvature of the Likelihood Function XI

Theorem: Expected Score

Now consider treating the score function S(θ) as a random

function, dependent on random input data X. That is:

S(θ) =
∂

∂θ
log f(X; θ).

Then, under mild regularity conditions, the expected score is zero:

E
[
S(θ)

]
= 0.

� NOTE: This is the most common way to define the score (and

later, information). This holds for either a single observation,

or the entire collection of data.
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Curvature of the Likelihood Function XII

Definition: Fisher’s Information

Continuing with the treatment of the score function as a random

function of X, we will define the Expected Fisher’s Information

to be the following:

I(θ) = E
[( ∂

∂θ
log f(X; θ)

)2]
= E

[(
S(θ)

)2]
.

This is often referred to as just Fisher’s Information.

13 / 72

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)



Curvature of the Likelihood Function XIII

Proposition: Variance of the Score

If the partial derivative and integral operations can be exchanged,

then

I(θ) = Var
(
S(θ)

)
= −E

[ ∂2

∂θ2
log f(X; θ)

]
,

where the score function is treated as random.
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Curvature of the Likelihood Function XIV

� This proposition is useful because:

� If the log-likelihood is differentiable, the first definition

I(θ) = E[S(θ)2] always exists.

� Typically, we can express this as I(θ) = Var(S(θ)), which is a

nice interpretable quantity.

� The final expression I(θ) = −E
[

∂2

∂θ2 log f(X; θ)
]
is usually

the easiest to calculate.
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Curvature of the Likelihood Function XV

� For the multivariate case, this is equivalent to writing:

[
I(θ)

]
i,j

:= Eθ

[∂ log f(X; θ)

∂θi

∂ log f(X; θ)

∂θj

]
= Cov

(∂ log f(X; θ)

∂θi
,
∂ log f(X; θ)

∂θj

)
= −E

[ ∂2

∂θi∂θj
log f(X; θ)

]

16 / 72

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)



iPad Air 11-inch (M3)

iPad Air 11-inch (M3)



Curvature of the Likelihood Function XVI

� Note that the curvature I(θ), defined as the second derivative

of L(θ) (fixed function based on the observed data), exists for

all points θ.

� Many theorem’s instead rely on I(θ), which is the expected

Fisher’s information. This later quantity “integrates out” the

effect of the randomness in the data.

� In practice, the expected information is often hard to find,

while the observed information is easy to calculate. For

instance, in cases where the expected information is available,

we might be able to get exact confidence intervals, which are

preferred.

� In practice, we often replace I(θ̂) in theory with I(θ̂).
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Curvature of the Likelihood Function XVII

� However, we’re primarily only interested in this function at the

MLE, or when we regard S(θ) as a random function of

arbitrary X (not fixed on x∗).
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Curvature of the Likelihood Function XVIII

Comment on numeric optimization

If numeric optimization is used to find the MLE, many

approaches estimate the Hessian of the loss-function. If the

negative log-likelihood is used, setting optim(..., hessian =

TRUE) can be used to compute the Observed Fisher’s Information

(don’t forget to adjust for variable transformations!)

19 / 72

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)



Asymptotic properties of the MLE

and Bayesian estimators
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Normality of MLE

� Under weak regularity conditions, both the MLE and Bayesian

posterior converge to a Normal distribution, centered at the

true value.

� We’ll begin with a sketch proof of the distribution of the MLE.

Theorem: Asymptotic distribution of the MLE

Let x∗1, x
∗
2, . . . , x

∗
n come from a family of distributions with

density f(x; θ). If the true value of θ is θ0, i.e., Xi
iid∼ f(x; θ0),

and we denote θ̂ as the MLE of θ, then√
nI(θ0)

(
θ̂ − θ0

) d→ Z

where Z ∼ N(0, 1).
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Normality of MLE II

� How do we interpret / use the result above?

� For large iid samples: the MLE θ̂ is approximately normally

distributed, centered at the true value θ0, with shrinking

variance:

Var(θ̂) =
1

nI(θ0)
.

� Note that there is sometimes some confusion regarding

whether or not I is the information from a single observation,

or all observations.

� Because the data are IID, it’s really just a difference in scaling

constants.
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Normality of MLE III

� In our definition and proof, we let I(θ0) be the information

from a single observation:

I(θ0) = E
[( ∂

∂θ
log f(Xi; θ)

)2]
.

� We could have instead considered the likelihood / information

using all of the data points:

In(θ0) = E
[( ∂

∂θ
log fX1:Xn(X1, . . . , Xn; θ)

)2]
.
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Normality of MLE IV

� In the later case, the theorem would have stated:√
In

(
θ̂ − θ0)

d→ Z ∼ N(0, 1),

or that

Var(θ̂) =
1

In(θ0)
� In the IID case, these are the same, as

In(θ) = −E
[ ∂2

∂θ2

∑
i

log f(Xi; θ)
]

= −
∑
i

E
[ ∂2

∂θ2
log f(Xi; θ)

]
= nI(θ).
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Normality of MLE V

� Our derivation treated θ as univariate. The more common

multivariate case has a similar result.

Multivariate parameters

If θ ∈ Rd is multivariate, than using the matrix definition of I(θ),
then: √

n
(
θ̂ − θ0

) d→ Zd ∼ Nd

(
0d, I(θ0)−1

)
,

where θ̂ is the MLE, θ0 is the true parameter value, and Nd(µ,Σ)

is a d-dimensional multivariate normal distribution with mean

vector µ and covariance matrix Σ.
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Implications for estimating parameter uncertainty

� This result gives us an immediate way to approximate the

uncertainty associated with the MLE, for rather arbitrary

models.

� If θ̂ is the MLE, then:

Var
(
θ̂
)
≈ 1

nI(θ̂)
=

1

In(θ̂)
.

� There are two different approximations here:

� Asymptotic normality.

� θ̂
p→ θ0 (Slutksy’s Theorem).

� It is a good approximation for even moderate n, but exact

calculations are preferred when possible.
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Implications for estimating parameter uncertainty II

� Finally, recall that I(θ̂) is an expectation.

� When an exact calculation is not readily available, calculating

the expectation I(θ̂) usually isn’t either!

� In practice, we often replace the Fisher’s Information with the

Observed Fisher’s information:

Var
(
θ̂
)
≈ 1

In(θ̂)
,

where In is the information provided by all n data points.

� The details justifying this final approximation are a bit tricky.

See Keener (2010, Chapter 9) for more details.

� In short, for many distributions (regular exponential families),

I(θ̂) = I(θ̂). In other cases, suitable conditions imply that

I(θ̂)
p→ I(θ̂).
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Asymptotic results for Bayesian posteriors

� Similar results hold for Bayesian estimates.

Bernstein–von Mises Theorem

We are not ready to state the full Theorem, so we’ll just provide

a heuristic approach: under suitable conditions, the posterior

distribution behaves asymptotically like a normal distribution

with mean θ̂MLE , and variance 1/I(θ0).
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Bias, MSE, and Consistency



Bias

� We have already talked a little about bias last semester.

� It’s an important concept / principle for point-estimates.

Definition: Bias of an estimator

The bias of a point estimator θ̂ of a parameter θ is the difference

between the expected value of θ̂ and θ; that is,

Biasθ
[
θ̂
]
= Eθ

[
θ̂
]
− θ

� If Biasθ
[
θ̂
]
= 0, then θ̂ is an unbiased estimator of θ, and

Eθ

[
θ̂
]
= 0.
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Bias II

� unbiasedness is a nice property, but alone does not mean we

have a good estimator.

� Another thing that needs to be considered is the variance of

an estimator.

� We encountered this with Monte-Carlo methods: many

approaches converge to the true value, but lower variance

estimates are generally preferred among unbiased methods.
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Bias III

Unbiased estimators for normal distribution

Let X1, X2, . . . , Xn be iid from N(µ, σ2). Consider two

estimates of the parameter θ = µ:

θ̂1 = X̄n, θ̂2 = X1.

Show that both are unbiased estimators, but that θ̂1 has lower

variance.
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MSE

� The mean square error (MSE) describes the expected squared

difference between an estimator and the true parameter value.

� Often, attempts as lowering the variance results in increasing

the variance.

� It can be used to balance the bias-variance tradeoff.

Definition + Theorem: MSE

Let θ̂ be an estimator of θ. The MSE of θ̂ is defined as:

MSEθ

(
θ̂
)
:= E

[
(θ̂ − θ)2

]
.

Furthermore, MSEθ

(
θ̂
)
= Varθ

(
θ̂
)
+
(
Biasθ(θ̂)

)2
.
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MSE II

Example: Variance of MLE

Let Xi be iid from N(µ, σ2), and consider estimating θ = (µ, σ2)

in two ways:

θ̂MLE =
(
X̄n, σ̂

2
MLE =

1

n

n∑
i=1

(
X̄ − σ2

)2)
,

θ̂1 =
(
X̄n, S

2 =
1

n− 1

n∑
i=1

(
X̄ − σ2

)2)
.

What is the MSE of µ̂MLE? What about the bias and MSE of

S2 and σ̂2?
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MSE III

� Based on the examples above, should σ̂2 be used instead of

S2? The argument above proves that, on average, σ̂2
MLE will

be closer to σ2 than S2.

� However: statisticians generally agree that S2 is a better

estimate. Why?

� Though it has lower MSE, on average, σ̂2
MLE will be smaller

than σ2 (biased low).

� There’s also some agreement that MSE is not a reasonable

criterion for scale parameters, like the variance.

� The reason is that the MSE is a symmetric criterion: both

small and large errors are penalized the same.
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MSE IV

� However, scale parameters like σ2 must be positive, so they

have a natural lower bound σ2 > 0, so the estimation problem

is not symmetric.
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MSE V

� The MSEθ uses the subscript θ to denote that it is a function

of θ.

� Often, there is not a uniformly best estimator for θ, and some

estimators will perform better for some values of θ and worse

for others.
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MSE VI

MSE of MLE and Bayes: Binomial Model

(Example 7.3.5 Casella and Berger, 2024) Let Xi be iid

Bernoulli(p), such that X =
∑

iXi is Binomial(n, p). The MLE

p̂ = X/n is unbiased for p, and has MSE:

MSEp

(
p̂
)
= Varp

(
p̂
)
=

p(1− p)

n
.

Compare this to the posterior mean estimate, where the prior

P ∼ U(0, 1).
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Uniformly Best Unbiased Estimators

� As the previous example demonstrates, there is almost never a

uniformly best estimate in terms of MSE.

� This is because the class of estimators is “too large”.

� Example: consider estimating θ, using θ̂ = 17. If θ = 17, this

will always beat any other estimator. However, it’s a very

poor estimate if θ ̸= 17.

� This leads us to thinking of ways of limiting the possible

estimators to certain classes of estimators.

� A natural constraint to consider is the class of unbiased

estimators. In this class, the MSE = Variance of the

estimator.
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Uniformly Best Unbiased Estimators II

Definition: Uniformly best unbiased estimators

An estimator θ∗ is called the best unbiased estimator of θ if

E[θ∗] = θ, for any other estimator θ̃ such that E[θ̃] = θ, then

Varθ
(
θ∗
)
≤ Varθ

(
θ̃
)
for all θ.

θ∗ is also called a uniform minimum variance unbiased estimator

(UMVUE) of θ.

� Initially, it can be extremely difficult to find a UMVUE

estimator without adidtional supporting theory.

38 / 72



Uniformly Best Unbiased Estimators III

Poisson unbiased estimation

Let Xi be iid Poisson(λ) random variables, and let X̄ and S2 be

the sample mean and variance, respectively. Since

E[Xi] = Var(Xi) = λ, it can be shown that E[X̄] = E[S2] = λ,

and therefore both X̄ and S2 are unbiased estimators of λ.

Which is a better estimate?

� Since they are unbiased, we just need to find the lower

variance of the two. Evaluating Varλ
(
S2

)
is actually a very

lengthy calculation.
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Uniformly Best Unbiased Estimators IV

� However, even if we do the calculation and find

Varλ(X̄) ≤ Varλ(S
2), this doesn’t immediately imply that X̄

is the UMVUE. Consider for instance:

λ̂ = aX̄ + (1− a)S2.

� This estimate is also unbiased, so from this alone we have an

infinite number of unbiased estimators to consider.

� The next Theorem provides a lower bound on the variance of

an unbiased estimator.
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Uniformly Best Unbiased Estimators V

Theorem: Cramér-Rao Inequality

Let X1, . . . , Xn be a sample with joint pdf fθ(X; θ), and let θ∗

be any estimator of θ (biased or unbiased), that satisfies the

smoothness condition

d

dθ
Eθ

[
θ∗
]
=

∫
X

∂

∂θ
θ∗fθ(X; θ) dx.

Then,

Varθ
(
θ∗
)
≥

(
d
dθEθ[θ

∗]
)2

Eθ

[(
∂
∂θ log f(x; θ)

)2] =

(
d
dθEθ[θ

∗]
)2

I(θ)
.
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Uniformly Best Unbiased Estimators VI

� In the Cramér-Rao inequality, consider what happens if θ∗ is

an unbiased estimator of θ:( d

dθ
Eθ[θ

∗]
)2

=
( d

dθ
θ
)2

= 1.

� This leads to the common “Cramér-Rao lower bound”, for

unbiased estimators:

MSEθ

(
θ∗
)
= Varθ

(
θ∗
)
≥ 1

I(θ)
.
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Uniformly Best Unbiased Estimators VII

� The Cramér-Rao Inequality can at times be used to find

UMVUEs (which are not necessarily unique).

Example: UMVUE for Poisson model

Let Xi be iid from a Poisson(λ) distribution. Both X̄ and S2

(the sample mean and variance, respectively) are unbiased

estimators of λ. This implies that any estimator aX̄ + (1− a)S2

with a ∈ [0, 1] is an unbiased estimator, among other possibilities.

If θ∗ is some unbiased estimator, find the minimal possible

variance of θ∗, and use that to find a UMVUE estimator of θ.
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Uniformly Best Unbiased Estimators VIII

� One weakness of the Cramér-Rao inequality is that the lower

bound, 1
I(θ) , might not be tight.

� That is, it gives us a minimum quantity to compare to, but

there may not exist an unbiased estimator that attains the

lower-bound.

� There are attainment theorems, stating when the Cramér-Rao

inequality is attainable and when it is not. We won’t present

any of these in this class, but it’s closely related to

exponential families.

� Instead, we can use some of our existing theorems to provide

asymptotic results.
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Consistency

� Before continuing our discussion about asymptotic results, we

will introduce a few new definitions and principles of point

estimation.
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Consistency II

Definition: Consistency

Estimators of θ are really sequences of random variables: θ∗n.

Example: estimate E[Xi] = µ with X̄n = 1
n

∑
iXi.

One desirable feature of a sequence of estimators θ∗n is that as n

grows large, θ∗n converges in some way to the truth θ.

We say that an estimator θ∗n is consistent if it converges in

probability to the true value θ:

lim
n→∞

Pθ

(
|θ∗n − θ| ≥ ϵ

)
= 0.
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Consistency III

� When trying to show convergence in probability last semester,

we often used Chebychev’s inequality:

Pθ

(
|θ∗n − θ| ≥ ϵ

)
≤

Eθ

[
(θ∗n − θ)2

]
ϵ2

.

� Thus, if for every value of θ, we have:

lim
n→∞

Eθ

[
(θ∗n − θ)2

]
= 0,

then we know that θ∗n is a consistent estimator of θ.

� Note that this condition is our definition of MSE!

MSEθ

(
θ∗n
)
= Eθ

[
(θ∗n − θ)2

]
= Varθ

(
θ∗n
)
+

(
Biasθ

(
θ∗n
))2

.
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Consistency IV

� From this, we get an immediate result:

Theorem: Convergence in MSE

If θ∗n is a sequence of estimators for θ, then if for every value of

θ,

1. limn→∞Varθ
(
θ∗n
)
= 0

2. limn→∞ Biasθ
(
θ∗n
)
= 0

then θ∗n is a consistent estimator for θ.
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Consistency V

Consistency of the MLE

Under suitable conditions on the likelihood function, the MLE θ̂

is a consistent estimator of θ.

A simple application of the Bernstein-von Misses Theorem

implies that the Bayesian posterior mean is also a consistent

estimator of θ.
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Efficiency

Definition: relative efficiency

If θ∗ and θ̃ are two estimators of θ, then the relative efficiency of

θ∗ with respect to θ̃ is defined as:

RE
(
θ∗, θ̃

)
=

Var
(
θ̃
)

Var
(
θ∗
) .

� If RE > 1, then θ∗ is said to be a more efficient estimator

than θ̃

� If RE < 1, then θ∗ is said to be less efficient than θ̃.

� If θ∗ is more efficient than any other estimator, we call θ∗ an

efficient estimator.
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Efficiency II

Definition: Limiting variance and relative efficiency

An estimator θ∗n of θ depends on the data, and the number of

observations. If limn→∞ knθ
∗ = σ2 for some sequence kn and

constant σ2, then σ2 is called the limiting variance of the

estimator θ∗.

If θ̃∗n is a different estimate of θ with limiting variance τ2, then

the relative asymptotic efficiency of θ∗n with respect to θ̃n is

defined as:

ARE
(
θ∗n, θ̃

)
=

τ2

σ2
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Efficiency III

Theorem: asymptotic efficiency of MLE and posterior mean

Under suitable regularity conditions, MLE θ̂ for parameter vector

θ is asymptotically efficient, achieving the Cramér-Rao lower

bound I(θ).

By the Bernstein-von Misses Theorem, posterior distribution in a

Bayesian analysis asymptotically converges to a normal

distribution with mean θ̂, and variance 1/I(θ). Consequently, the
posterior mean is also asymptotically efficient.
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Efficiency IV

� Brief Summary:

� We have argued that under very mild conditions, the MLE

and Bayesian posterior mean are both consistent (i.e.,

converges in probability to the true parameter value), and

asymptotically efficient.

� This largely explains why these two approaches dominate the

literature on parameter estimation:

� even if closed-form expressions for the sampling distributions

of parameter estimates are unavailable, we are effectively

guaranteed to have well-behaved estimates if we estimate

using the MLE or Bayesian Posterior, and we have sufficient

data.
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Efficiency V

� Much of the statistical theory of the 19/20th centuries was

focused on finding UMVUE estimators. This includes our

discussion on consistency and asymptotic efficiency.

� Unbiasedness is nice feature, but strictly requiring
unbiasedness sometimes results in a few issues (Chapter 5,
Pawitan, 2001).

� Finding an unbiased estimate can be extremely difficult.

� Not all parameter have an unbiased estimator.

� Requiring unbiasedness can produce terrible estimates.

� Regardless of the prior and likelihood, all estimates using the

posterior means are biased (Section 7.5.2, Casella and Berger,

2024).
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Efficiency VI

� The bias of good estimators (like the MLE) typically shrinks at

a rate O(n), where the variance typically shrinks at a rate

O(n1/2) (Chapter 5, Pawitan, 2001), meaning the variance

usually is the cause for poor estimates, not the bias.
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Sufficiency



Sufficiency

� One desirable trait of an estimator θ∗ is that it it captures all

of the information available in the data X about the

parameter θ.

� Example: estimating E[Xi] = µ, using: θ∗1 = X1, vs θ
∗
2 = X̄n.

� We argued that both θ∗1 and θ∗2 are unbiased estimators, and

that Var(θ∗2) < Var(θ∗1). An additional way of viewing this,

however, is that θ∗1 is not capturing all of the information

available for θ

� This idea is known as the principle of sufficiency. This will be

formally defined on the next slide.

56 / 72

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)



Sufficiency II

Definition: Sufficiency

A statistic T (X) = T (X1, . . . , Xn) is said to be sufficient for θ if

the conditional distribution of X1, . . . , Xn, given T = t, does not

depend on θ for any value of t.

� If we take some statistic sufficient T (could be an estimator),

then after accounting for T , there is no more information

available about θ in the available data.

� Formally, a sufficient statistic suggests that we could throw

away all of the data, except the sufficient statistic, and not

lose any information about the parameter θ.

� If we reduce the data + model to a point estimate, we want

this to not result in information loss.
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Sufficiency III

Binomial sufficient statistic

Let X1, . . . , Xn be iid Bernoulli random variables with parameter

θ. Show that T (X) =
∑

iXi is a sufficient statistic for θ.
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Sufficiency IV

Normal sufficient statistic

Let X = X1, . . . , Xn be iid N(µ, σ2), where σ2 is known. Show

that the mean, T (X) = X̄n is a sufficient statistic for µ.
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Sufficiency V

� Using the definition to find a sufficient statistic is

inconvenient. It requires knowing a candidate T (X) ahead of

time, knowing the distribution of the statistic, and computing

conditional pmf / pdf.

� The following theorem provides us a way of finding sufficient

statistics.
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Sufficiency VI

The Factorization Theorem

Let fX(x; θ) be the joint pdf or pmf of a sample X. A statistic

T (X) is a sufficient statistic for θ if and only if there exist

functions g(t; θ) and h(x) such that, for all sample points x and

parameter values θ,

fX(x; θ) = g
(
T (X); θ

)
h(x).
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Sufficiency VII

� The factorization theorem gives us a way to find sufficient

statistics:

� Factor the joint pdf / pmf into two parts: one depending on

θ, and one part that does not depend on θ. The part without

θ becomes the function h(x). In the remaining part of the

function, find the remaining function of the data T (X).

Example: Normal (known variance)

Let Xi
iid∼ N(µ, σ2), with σ2 known. Find a sufficient statistic for

µ.
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Sufficiency VIII

� The Factorization Theorem gives us a way to find sufficient

statistics, but these statistics are not unique.

� For instance, if T (X) is a sufficient statistic, than cT (X) is

also sufficient (for any constant c).

� Furthermore, the factorization theorem states that the entire

vector of data X is itself a sufficient statistic:

fX(x; θ) = fX(x; θ)h(x),

where h(x) = 1. This satisfies all conditions of the

Factorization Theorem, so T (X) = X is sufficient for θ.

� This leads us to the idea of minimal sufficiency.
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Sufficiency IX

Definition: Minimal Sufficient Statistic

A sufficient statistic T (X) is called a minimal sufficient statistic

if, for any other sufficient statistic T ′(X), T (x) is is a function of

T ′(x).

� One way of thinking about this is that a minimal sufficient

statistic is the coarsest possible partition for a sufficient

statistic, and thus achieves the greatest possible data

reduction for a sufficient statistic.

� In the normal model, for instance, both T (X) = X̄ and

T ′(X) = X were shown to be sufficient. T ′(X) = X cannot

be minimally sufficient, because it cannot be recovered from

the mean alone (i.e., X is not a function of X̄).
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Sufficiency X

� Finding a minimally sufficient statistic can be difficult, but

there are theorems that can be used to help. See, for instance,

Theorem 6.2.13 from Casella and Berger (2024).

� We’ll finish discussion about sufficieny with one last example.

Joint sufficiency: IID normal model

Let Xi be iid N(µ, σ2), where both µ and σ2 are unknown. Find

a sufficient statistic for θ = (µ, σ2).
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Rao-Blackwell Theorem

� In addition to having desireable proprties, sufficient statistics

can be used to improve estimators. This is known as

Rao-Blackwellization.

The Rao-Blackwell Theorem

Let θ̂ be an estimator of θ, with E[θ̂] < ∞. Suppose that T (X)

is a sufficient statistic for θ, and define θ̃ = E
[
θ̂|T (X)

]
. Then,

for all θ,

E
[
(θ̃ − θ)2

]
≤ E

[
(θ̂ − θ)2

]
.

The inequality is strict unless θ̂ = θ̃.
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Rao-Blackwell Theorem II

� The Rao-Blackwell theorem implies that any estimator that is

not a function of a sufficient statistic can be improved by

conditioning on a sufficient statistic.

� This provides strong rationale for basing estimators on

sufficient statistics (if they exist), and provides strong support

for the MLE as an estimator.

� This theorem can be expanded to find UMVUE estimators,

using the Lehmann–Scheffé Theorem: if T (X) is a complete

(definition not given), and θ̂ is unbiased, then θ̃ = E[θ̂|T (X)]

is UMVUE.
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Rao-Blackwell Theorem III

Lemma: Sufficiency of the MLE

If T (X) is sufficient for θ, then the MLE is a function of T (X).

Thus, the MLE is a minimal sufficient statistic.
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Rao-Blackwell Theorem IV

Lemma: The likelihood function is sufficient

If T (X) is sufficient for θ, then the likelihood function L(θ) is a

function of T . Thus, the likelihood function is minimal sufficient.
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Rao-Blackwell Theorem V

� The last few results explain why likelihood-based inference is

so important: if your estimator does not involve the likelihood

function, then the estimator can be improved.

� Don’t forget! The likelihood depends on the chosen model.
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