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Introduction



Introduction

� One way to address parameter uncertainty is considering the

variance of our estimator, θ̂.

� In some cases, the exact variance can be calculated, using

known distributions. In other cases, it needs to be

approximated (e.g., observed-information at the MLE).

� Alternative ways of accounting for uncertainty is in the form

of hypothesis tests and confidence intervals.

� This material is largely based on Rice (2007, Chapter 9),

Casella and Berger (2024, Chapter 8), as well as some

supplemental material from Pawitan (2001).
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Definitions

Definition: Hypothesis

A hypothesis is a statement about a population parameter.

� Example: The mean height µ of a population is smaller than

6 ft.

� The definition of a hypothesis is quite general. The important

part is that it makes a statement about a population

parameter.

� The goal of a hypothesis test is the decide, based on a sample

from the population, which hypotheses are true.
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Definitions II

� In practice, we usually perform a hypothesis test by

considering two complimentary hypotheses. Our goal is to

decide which is true, based on data.

Definition: Null and Alternative Hypothesis

The two complementary hypotheses are called the null hypothesis

and the alternative hypothesis, denoted H0 and H1, respectively.

� For population parameters, we usually consider hypotheses of

the form:

H0 : θ ∈ Θ0 and H1 : θ ∈ Θc
0,

where Θ0 is some subset of the parameter space.
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Definitions III

Blood Pressure medication

Suppose we are interested in testing a new blood pressure

medication against existing treatments.

The population parameter of interest is θ, the mean change in

blood pressure of this new drug, relative to existing treatments.

We may be interested in testing if θ ∈ Θ0 = {0}, against
θ ∈ ΘC

0 = R/{0}, or:

H0 : θ = 0, H1 : θ ̸= 0.
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Definitions IV

� In a hypothesis testing problem, the experimenter must decide

to either accept H0 (or equivalently, reject H1), or accept H1

(or equivalently, reject H0).

� We take the approach of Casella and Berger (2024), and not

worry about the particular language used, rather focus on the

mathematics and final decision.
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Definitions V

Definition: Hypothesis tests

A hypothesis testing procedure, or hypothesis test is a rule that

specifies:

(i) For which sample values the decision is made to accept H0 as

true.

(ii) For which sample values H0 is rejected and H1 is accepted as

true.

The subset of the sample space for which H0 is rejected is called

the rejection region or critical region. The complement of the

rejection region is called the acceptance region.
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Definitions VI

� Rather than specifying individual possibilities for the sample

space, we generalize by considering a test statistic:

W (X) = W (X1, X2, . . . , Xn), which is a function of the

sample.

Example: Coin Flipping

Suppose we have a new coin, with probability of heads θ. In our

experiment, we will flip a coin n = 4 times. Consider making a

hypothesis test for H0 : θ = 0.5 against H1 : θ ̸= 0.5.
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Definitions VII

� In the example above, we could have picked any rejection

region that we wanted.

� What we would like to do is develop ways to mathematically

compare hypothesis testing frameworks.

� We will discuss a few different ways of developing hypothesis

tests, and how to compare different testing frameworks.

� Like with point-estimators, this will involve the consideration

of some general principles that should be considered.
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Error types and testing paradigms
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Testing Paradigms

� There are various disagreements about how to perform / what

to prioritize when conducting hypotheses tests.

� We will categorize these ideals into three main groups:

1. Bayesian hypothesis testing.

� The Bayesian treatment of probability as beliefs enables us to

consider probabilities that H0 or H1 is true, based on the

posterior distribution. That is, since π(θ|x) is a density for a

random variable Θ|X = x, we can consider

P (H0 is true|X) = P (θ ∈ Θ0|X), and

P (H1 is true |X) = P (θ ∈ ΘC
0 |X).

� See Chapter 8.2.2 of Casella and Berger (2024) for more

details and examples.
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Testing Paradigms II

� Frequentist hypothesis testing

� In the Frequentist setting, we cannot consider

P (H0 is true|X), since θ is not random. That is, if θ ∈ H0,

P (H0 is true |X) = 1, and zero otherwise. The thing that is

random is the data X, not the parameter θ, and consequently

the decision to accept or reject is random. Here, we consider

the probability of being wrong under various assumptions.

2. Neyman-Pearson approach. This has largely dominated

hypothesis testing in 20th / 21st centuries. If you’ve seen a

hypothesis test, it’s likely based on this approach.

3. Fisher approach. Less commonly used, though sometimes

mixed with the Neyman-Pearson paradigm.
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Error Types

� We’ll largely focus on the Neyman-Pearson paradigm, since

that is the most widely used approach.

� To do so, we need to introduce error types. There are two
ways we can make an error:

1. Conclude that H0 is false, when it is actually true. This is

called a Type I error.

2. Conclude that H0 is true, when it is actually false. This is

called a Type II error

Table 1: Decision and error types.

H0 True H0 False

Accept H0 correct Type II

Reject H0 Type I correct
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Error Types II

� The Neyman-Pearson approach focuses on these two types of

error.

� Because of randomness, we can’t completely eliminate both

(or either) type of error.

� There’s also a tradeoff: tests that have larger-rejection regions

are more likely to reject, meaning more likely to have a Type I

error, but a lower Type II error.

� Thus, efforts to decrease one of the error types typically

results in an increase of the other type.
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Error Types III

� In the frequentist setting, we are interested in long-run
frequencies. That is, for any fixed tests, what are the
corresponding rates that we make errors.

� Let α be the Type-I error rate.

� Let β be the Type-II error rate.

Neyman-Pearson Hypothesis Testing:

� Control the Type I error rate α at some pre-determined level

(e.g., α = 0.05). We call this the significance level of the test.

� Within this constraint, we want to also minimize β, or

equivalently, maximize 1− β, which is known as the power of

the test.
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Error Types IV

Example: Flipping a coin

Consider the experiment of flipping a coin n = 10 times. We

would like to test the hypothesis H0 : θ = 0.5 against

H1 : θ ̸= 0.5, where θ is the probability of heads. Find the

rejection region for an α = 0.05 level test.
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Error Types V

� What we derived on the previous slide is a type of exact

hypothesis test. That is, because we knew the exact

distribution of both the data X1, . . . , Xn and the sample

statistic W (X1, . . . , Xn) =
∑

iXi, we could pick a rejection

region based on the distribution of W (X1, . . . , Xn).

� Other type of exact tests are available. Perhaps the most

famous is the t-test: If Xi are iid Normal(µ, σ2), then

T = (X̄ − µ)/(S/
√
n) follows exactly a t-distribution with

df = n− 1 (see Chapter 6 from last semester).

� Most often, however, an exact test is not available, and we will

need an alternative way to derive tests and rejection regions.

� Before we present these methods, we will introduce P-values

and Fisher’s approach to hypothesis testing.
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P-values and Fisher’s approach

� Informally, the P-value can be interpreted as the probability of

observing something as extreme or more extreme, if H0 is

true.

� If the P-value is small, that provides evidence that H0 is not

true.

� A technical definition of a P-value is given in 8.3.26 of Casella

and Berger (2024).

� The rejection-region framework presented above is

mathematically equivalent to computing a P-value, and

comparing to the test size α = 0.05.
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P-values and Fisher’s approach II

� In the binomial example, consider observing X = 1. With

respect to H0 : θ = 0.5 and H1 : θ ̸= 0.5, there are 3 other

events that are as extreme (or more extreme) than X = 1,

namely: X ∈ {0, 1, 9, 10}.
� Thus, the P-value is: Pθ=0.5

(
X ∈ {0, 1, 9, 10}

)
≈ 0.022.

� Since P-value < α = 0.05, we reject the null hypothesis and

conclude that H1 is true.
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P-values and Fisher’s approach III

� The Neyman-Pearson framework used above implies: the

long-run error Type I error rate of repeating this test is less

than α = 0.05, so we have controlled the Type I error rate.

� There are many growing complaints about this framework.
Two that have persisted (and are relevant to our discussion)
include:

� The choice α = 0.05 (or any other value) is completely

arbitrary. What tolerance you have for a Type I error rate

should be problem specific.

� This framework makes the most sense when a study is going to

be repeated, since it is formally a statement about the

accuracy of many repeated tests, not our single example.
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P-values and Fisher’s approach IV

� Building off of our example, suppose instead we are testing

H0 : θ = 0.5 against a one-sided alternative: H1 : θ < 0.5,

and then we observe X = 2. In this case, the P-value is:

P = Pθ=0.5

(
X ∈ {0, 1, 2}

)
≈ 0.055 > α = 0.05.

� In this example, the Neyman-Pearson framework would select

H0, and not H1, without any statement about how close this

result is to the arbitrarily chosen α = 0.05.

� The Fisherian interpretation of hypothesis tests addresses this

issue: rather than picking a pre-determined α value (which is

arbitrary), we consider the P-value as a continuous measure of

evidence against H0, rather than a binary decision.
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P-values and Fisher’s approach V

� This approach isn’t without difficulties, as it is more

subjective and does not immediately result in a decision in

regards to H0 and H1.

� Despite there existing many valid arguments why a Bayesian

framework or Fisherian interpretation may be preferred, the

Neyman-Pearson paradigm has largely “won” in modern

science, to the extent that many publication venues will

question why you didn’t use Neyman-Pearson if you try

another approach.
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P-values and Fisher’s approach VI

� The American Statistical Association made a formal

statement, somewhat discouraging the use of the

Neyman-Pearson approach (and P-values in general) in 2016

(Wasserstein and Lazar, 2016). This has been extremely

impactful, and has led to debate and some controversy

(Ionides et al., 2017).
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Likelihood Ratio Tests

� We have already considered the likelihood function L(θ) as a

way of measuring uncertainty: the data supports values of θ

with higher values of likelihood than lower values.

� What matters is not the value of the likelihood, but how this

value compares to other possible likelihood values.

� This intuition gives rise to Likelihood-Ratios, which can be

used to build hypothesis tests for general models and

hypotheses.

� We’ll see that in many situtations, these tests are optimal

within the class of tests that are α-level, and unbiased.
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Likelihood Ratio Tests II

Likelihood Ratio Tests

Let L(θ) denote the likelihood function for a fixed dataset and

model. If Θ0 denotes the set of θ values in H0, and Θ the entire

parameter space, then we define

λ(x) =
supΘ0

L(θ)

supΘ L(θ)
.

A likelihood ratio test is any test that has a rejection region of

the form:

{x : λ(x) ≤ c},

where c is any number 0 ≤ c ≤ 1.
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Likelihood Ratio Tests III

� Idea: If the maximum likelihood corresponding to the null

hypothesis is small relative to possible values in the

alternative, then we reject H0.

� It is equivalent to λ∗(x) =
supΘ0

L(θ)

supΘ1
L(θ) , but the former is

preferred for practical reasons.

� If the null hypothesis is simple (i.e., H0 : θ = d for some d),

then the LRT is the likelihood of H0 divided by the likelihood

of the MLE.
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Likelihood Ratio Tests IV

Likelihood Ratio Test: Normal distribution

Let Xi be iid N(θ, 1) random variables. Consider testing

H0 : θ = θ0, against H1 : θ ̸= θ0, where θ0 is some fixed number.

Derive the likelihood ratio test for this hypothesis testing

scenario.
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Likelihood Ratio Tests V

� Recall that the likelihood function L(θ) can equivalently be

expressed in terms of sufficient statistics.

� Similarly, the likelihood ratio λ(x) can be expressed in terms

of sufficient statistics, rather than the entire data.

� When possible, it is convenient to consider the likelihood ratio

test in terms of minimal sufficient statistics.

� See Theorem 8.2.4 of Casella and Berger (2024) for formal

details.
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Likelihood ratio tests in practice

� The LRT is a very common approach to finding a hypothesis

test.

� Often, it will result in exact tests, where we pick a rejection

region based on the known properties of a sufficient statistic

(like the sample mean or variance).

� As previously noted, the likelihood ratio test results in an

optimal test in many situations. We will study the theory of

when this happens in practice.

� Finally, we will discuss theory that enables likelihood ratio

tests in practice, even when the exact distribution of a

sufficient statistic is not available.
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Likelihood ratio tests in practice II

Definition: Uniformly Most Powerful Test

Let β(θ) be the power function of a hypothesis test testing

H0 : θ ∈ Θ0. We consider the class C of all level-α tests. A test

is said to be a uniformly most powerful (UMP) level α test if:

� The test size (Type-I error rate) is less than or equal to α.

� β(θ) ≥ β′(θ) for all θ ∈ Θc
0 for any other test in class C that

has power function β′(θ).

Typically, we assume the class of interest C is the class of

unbiased tests.
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Likelihood ratio tests in practice III

Definition: Simple vs Composite Hypotheses

We say that a hypothesis is simple if the corresponding sample

space is a single value. E.g., Θ0 = {θ0}.

If a sample space is not simple (i.e., it contains more than one

parameter), we say that the hypothesis is composite. E.g.,

ΘC
0 = R/{θ0}.
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Likelihood ratio tests in practice IV

Neyman-Pearson Lemma

Consider testing two simple hypotheses: H0 : θ = θ0 against

H1 : θ = θ1.

Then, a hypothesis test is uniformly most powerful (unbiased)

level-α test if and only if it is a likelihood ratio test.

� A formal proof is outside the scope of this class, but see the

Neyman-Pearson Lemma proof sketch in Section 9.2 of Rice

(2007) for more details.
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Likelihood ratio tests in practice V

Definition: Monotone Likelihood Ratios

A family of distributions with pdf (or pmf) given by f(x; θ) is

said to have a monotone likelihood ratio (MLR) if, for every

θ2 > θ1, f(x; θ2)/f(x; θ1) is a monotone (non-decreasing or

non-increasing) function of T (x), a univariate statistic (usually

T (x) is a sufficient statistic).

Example: Poisson distributions

Let X1, . . . , Xn be iid from Poisson(λ). Show that this family of

distributions has a monotone likelihood ratio.

31 / 64

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)



iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)



iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)





Likelihood ratio tests in practice VI

� The MLR property is both convenient, and common.

� In fact, you can show that any (regular) exponential family
distribution has the MLR property. This includes the following
distributions:

� Normal, Gamma, Beta, Bernoulli, Poison, Exponential,

Chi-squared, Dirichlet, Categorical, Wishart, Inverse Wishart,

Geometric

� This list is not all distributions with the MLR property, but

going forward you may assume any of these distributions do

have this property.

� The MLR property will be used to extend the

Neyman-Pearson Lemma to composite hypotheses.
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Likelihood ratio tests in practice VII

The Karlin-Rubin Theorem

Consider testing composite hypothesis H0 : θ ≤ θ0 against

H1 : θ > θ0 (or, equivalently, we can change the direction of the

inequalities, or test the simple hypothesis H0 : θ = θ0 against the

composite H1 : θ > θ0). If there exists a sufficient statistic T for

θ and the family of pdfs (or pmfs) has a the MLR property, then

an unbiased hypothesis test is uniformly most powerful level-α

test if and only if it is a likelihood ratio test.

� If T (X) is the sufficient statistic with MLR property, it can be

shown that the Karlin-Rubin Theorem implies that the best

possible level-α test is rejecting if and only if T > c, with c

chosen such that P (T > c) = α.
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Likelihood ratio tests in practice VIII

� See Theorem 8.3.17 of Casella and Berger (2024) for more

details.

� This result gives strong support for using a likelihood-ratio
test. Common difficulties include:

� Showing that f(x; θ) has a MLR.

� If it does, calibrating c such that P (T > c) = α. To do this,

we either need to know the distribution of T , or approximate

it. The later can be done by simulation, or Wilks’ Theorem

34 / 64

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)



Likelihood ratio tests in practice IX

Wilks’ Theorem

Consider performing the likelihood ratio test for testing

H0 : θ = θ0 against H1 : θ ̸= θ0. Under H0 and mild conditions

on the likelihood function (See Miscellanea 10.6.2 from Casella

and Berger (2024)),

−2 log λ(x) = −2 log
L(θ0)

L(θ̂)

d→ χ2
p,

as n → ∞, where p is the difference in the number of

free-parameters in the null and alternative hypotheses.
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Likelihood ratio tests in practice X

� Wilks’ Theorem gives us a way to calibrate an approximate

LRT. Suppose we are testing one-parameter, and want

α = 0.05. Then, we want to solve for c in the LRT:

P (λ(x) < c) = 0.05

P (log λ(x) < c′) = 0.05

P (−2 log λ(x) > c′′) = 0.05

Using the approximation now that −2 log λ(x) ≈ χ2
1, we can

find c′′ using software c′′ = 3.84.

� Thus, an approximate test rejects when:

−2 log λ(x) > 3.84.
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Likelihood ratio tests in practice XI

� How good is this approximation? very good.

� Not only do we have asymptotic properties, Pawitan (2001,

Section 2.9) demonstrates that, due to the invariance property

of the MLE and likelihood ratios, the test is exact if there

exists some one-to-one transformation g(·) that we do not

need to know such that g(Xi) are normally distributed.

� Combining these results, even if no such transformation g

exists, there likely exists a transformation g where g(Xi) are

approximately normal, or at least symmetric, in which case the

asymptotic approximation is accurate with even very small n.
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Interval Estimation

� We conclude by discussing interval estimators.

� Rather than just getting a point estimate θ̂ for a parameter θ,

we estimate an entire interval I.

Definition: Interval estimate

An interval estimate of a real-valued parameter θ is any pair of

functions L(X) and U(X) of a sample X = (X1, . . . , Xn) that

satisfy L(X) ≤ U(X) for all X.

If X = x∗ is observed, then the inference L(x∗) ≤ θ ≤ U(x∗) is

made.

The random interval I(X) =
(
L(X), U(X)

)
is called an interval

estimator.
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Interval Estimation II

� There are many different types of interval estimators, both

Bayesian and Frequentist.

� Here, we will focus on the Frequentist confidence interval, as

these are the most widely used.

Definition: Coverage probability

For an interval estimator I(X) =
(
L(X), U(X)

)
of a parameter

θ, the coverage probability of I(X) is the probability that the

random interval covers the true parameter, θ. That is,

Pθ

(
θ ∈ I(X)

)
.

Above, the interval I(X) is what is random, and θ is fixed.
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Interval Estimation III

� For any interval estimator, we’re interested in the worst

performance, or the minimum coverage probability.

Definition: Confidence coefficient.

For an interval estimator I(X) of a parameter θ, the confidence

coefficient of I(X) is the infimum of the coverage probabilities:

inf
θ
Pθ

(
θ ∈ I(X)

)
.

� Sometimes we are interested in confidence sets, rather than

just intervals, though intervals are the most common.

� A given interval estimator I(X), combined with a confidence

coefficient, gives rise to a confidence interval.
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Interval Estimation IV

Uniform confidence interval

Let X1, . . . , Xn be iid from Uniform(0, θ). Based on previous

homework, the MLE for θ is X(n), the maximum of the

observations.

Find a 1− α confidence set for θ, of the form:

I(X) = [aX(n), bX(n)], with 1 ≤ a < b.
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Finding Confidence Intervals

� We’ll next cover a few ways that confidence intervals can be

created.

� If the exact sampling distribution of a point estimator is

known, we can often derive exact confidence intervals.

� In practice, however, this often is not possible.
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Duality of confidence intervals and hypothesis tests

� The most common way to find confidence intervals is to

connect them with a hypothesis test.

� That is, we can find a α-level hypothesis test, and invert the

test to get a confidence interval.

Inverting a normal test

Let X1, . . . , Xn be iid from N(µ, σ2). Treating σ2 as fixed, find

a 1− α confidence set for µ by inverting a hypothesis test.
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Duality of confidence intervals and hypothesis tests II

� This example can be extended to a more general setting.

Proof is left as an exercise.

Theorem: Duality of hypothesis tests and confidence

intervals

Consider the hypothesis test of H0 : θ = θ0. This involves the

specification of a rejection region Rθ0(x), which depends on the

null value θ0. Similarly, we define the acceptance region as

Aθ0(x) = Rc
θ0
(x).

The set of all parameter values θ such that a fixed x lies in the

acceptance region Aθ0(x) is denoted C(x) = {θ0 : x ∈ Aθ0(x)}.

C(x) is a 1− α confidence set for θ if and only if Aθ0(x) is the

acceptance region of a α-level hypothesis test.
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Duality of confidence intervals and hypothesis tests III

� The last theorem gives us a way to systematically build

confidence intervals: create a hypothesis test, and find the

values of θ where the null hypothesis would be accepted.

� Theorem 9.3.5 of Casella and Berger (2024) implies that if a

UMP level-α test is inverted, the resulting confidence set will

have uniformly better coverage than any other 1− α

confidence set.

� This gives strong motivation to invert likelihood ratio tests to

obtain confidence sets.

45 / 64

iPad Air 11-inch (M3)

iPad Air 11-inch (M3)



Duality of confidence intervals and hypothesis tests IV

� Like hypothesis testing, we also can consider two primary
types of confidence intervals:

� Exact confidence intervals, which require knowing the

distribution of the lower and upper bound of I(X). Where

possible, these are preferred.

� Approximate confidence intervals, which can be found using

various strategies
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Duality of confidence intervals and hypothesis tests V

� There are several ways to get approximate confidence intervals.

Here are perhaps the three most common:

� Wald-Intervals. This is likely what you have seen in Math

3350, and was hinted at in Chapter 05. Since√
In(θ0)(θ̂ − θ0) limits to a standard normal, an approximate

1− α confidence interval is given by:

I(X) =
(
θ̂ − zα/2I

−1/2
n (θ̂), θ̂ + zα/2I

−1/2
n (θ̂)

)
� Likelihood based sets. This involves inverting a likelihood

ratio test, and using the approximation −2λ(x) ≈ χ2
1,

assuming we are estimating only one parameter. In this case,

the approximate confidence set is given by:

C(X) =
{
θ : 2 log

L(θ̂)

L(θ)
< χ2

df=1,1−α

}
.

� Bootstrap based intervals. Both parametric and

non-parametric bootstrapping methods.
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Introduction

� The Boostrapping technique was first formally described by

Brad Efron in the late 1970s.

� The idea is quite simple, but theoretical guarantees are very

technical.

� Idea: When the distribution of a sample statistic (or

estimator) is unkown or complex, we will approximate the

distribution using randomly drawn samples.

� Perhaps surprisingly, the bootstrap can be shown to have

faster convergence rates than the standard Wald confidence

intervals (normal approximation).

� Two main forms: parameteric and non-parametric.
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Parametric Bootstrap

� The parametric bootstrap focuses on parameters of fixed

families of distributions.

� Idea: The MLE converges very quickly to θ0, so even in finite
samples, θ̂ ≈ θ0. For a fixed model Fθ, we want the sampling
distribution of θ̂ under Fθ0 , so replace this with the sampling
distribution of Fθ̂.

� Fit θ̂ using data X1, . . . , Xn, given model Fθ.

� For b = 1, 2, . . . , B, generate a bootstrap sample:

X
(b)
1 , X

(b)
2 , . . . , X

(b)
n .

� Fit θ̂(b) for each bootstrap sample b, use these estimates

approximate the sampling distribution of θ̂.
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Nonparametric Bootstrap

� The other form of Bootstrap has similar convergence

guarantees, but works more generally in situations where we

cannot simulate from the probability distribution in question.

� As with all bootstrap, we will base our estimates on samples
drawn from a new distribution. This time, we will draw from
the empirical distribution.

� Fit θ̂ using data X1, . . . , Xn, given model Fθ.

� Create b = 1, . . . , B bootstrap samples by sampling iid from

the empirical distribution F̂ . (This is done by sampling, with

replacement, from the observed data).

� Recompute estimate θ̂(b), for each sample

X
(b)
1 , X

(b)
2 , . . . , X

(b)
n , and use these values to approximate the

sampling distribution.
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Example: Poisson confidence intervals

� We will wrap up this discussion by building a confidence
interval for λ using 5 different approachs:

1. Wald confidence intervals (easy).

2. Likelihood-Ratio based intervals (moderate).

3. Exact intervals (difficult).

4. Parametric Bootstrap (easy).

5. Non-parametric Bootstrap (easy).
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Example: Poisson confidence intervals II

� We have n = 25 observations, X1, . . . , Xn.

� We wish to model the data as Poisson(λ).

� A minimal sufficient statistic for λ is
∑

iXi. We will use:∑
i

Xi = 389

� Real data will be given later for the non-parametric bootstrap

example.

52 / 64

iPad Air 11-inch (M3)



Profile likelihoods

� The profile likelihood is used when θ is multivariate.

� In this setting, the likelihood function L(θ) is difficult to

visualize.

� Informally, the profile likelihood considers the contribution to

the likelihood of a single parameter, after integrating out

other parameter values.

� This is particularly useful if there are nuisance parameters, or

we are particularly interested in only one of the parameters in

the vector θ.
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Profile likelihoods II

� We’ll split the parameter vector into two parts: θ = (ϕ, ν),

and ϕ and ν can both be multivariate themselves.

� For this class, we’ll assume that ϕ ∈ R is the parameter of

interest, and ν ∈ Rνd is a nuisance parameter vector.
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Profile likelihoods III

Definition: Profile likelihood

If θ = (ϕ, ν) is a parameter vector with likelihood

L(θ) = L(ϕ, ν), the profile likelihood of ϕ is defined as:

Lp(ϕ) = sup
ν

L(ϕ, ν),

where the maximization of ν is taken with the fixed value of ϕ.

Formally:

Lp(ϕ) = sup
θ∈{(ϕ0,ν)∈Θ:ϕ0=ϕ}

L(θ).
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Profile likelihoods IV

Gaussian profile likelihood

Let X1, . . . , Xn be iid from N(µ, σ2), where both parameters are

unknown. We’re often primarily interested in the parameter µ,

and not σ2. Find the profile likelihood function Lp(µ), treating

σ2 as a nuisance parameter. Compare Lp(µ) to the function

L∗(µ) = L(µ, σ̂2).
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Profile vs Slice Comparison

Figure 1: Profile for µ (black curve) vs slice at σ̂2
MLE (red line). The

profile accounts for uncertainty involved in the estimation of σ2.
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Calibrating Profiles Likelihoods

� Profile likelihoods can readily be used to compute confidence

intervals.

� Formally, this is a form of a likelihood-ratio-test based

confidence interval, and application of Wilk’s Theorem.

� In particular, if we fix nuisance parameters η at the MLE, then

Wilk’s theorem will also apply to profile likelihoods.

� This works because the maximum of the profile likelihood is

the maximum of the complete likelihood.
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Calibrating Profiles Likelihoods II

Profile Likelihood Tests and Intervals

Let θ = (ϕ, ν) be the parameter vector of interest, and ν a vector

of nuisance parameters. Then,

−2 log
Lp(ϕ0)

Lp(ϕ̂)
∼ χ2

p,

where p is the dimension of ϕ.
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Calibrating Profiles Likelihoods III

� This result implies that, for even high-dimensional models, we

can get approximate 1− α level confidence intervals for any

parameter ϕ by considering values of ϕ with large profile

(log)-likelihoods:

C(x) =
{
ϕ : 2

(
ℓp(ϕ̂)− ℓp(ϕ)

)
< χ2

p,(1−α)

}
.

� Because the maximum of the profile is the same point as the

MLE, then we just need to compare profile likelihood values of

ϕ to the likelihood at the MLE.
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Calibrating Profiles Likelihoods IV

� For instance, if α = 0.05 and the dimension of ϕ is 1, then the

confidence interval is any value ϕ that is within 1.92 units of

the MLE:

C(x) =
{
ϕ : ℓ(θ̂)− ℓp(ϕ) < 1.92

}
� In practice, these types of intervals are easy to compute

numerically, even when likelihood function is intractable.

� Multiple studies have shown that these intervals are extremely

accurate, especially in regards to alternatives like Wald-based

intervals (one of my own: Wheeler and Ionides, 2025).
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