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Homework 1

1. (Two-Envelope paradox) A teacher puts an unknown amount of money in one envelope, and twice
that amount in another. He asks you to pick one envelope at random, open it, and then decide if you
want to exchange it with the other. You pick one (randomly), open it, and see the outcome X = x
dollars. You reason: “Suppose that Y is the content of the other envelop, then Y is either x/2, or 2z,
each with probability 0.5; the expected amount of money in Y is: E[Y] = 0.5(2x) + 0.5(z/2) = bz/4,
which is bigger than your current value x”. Should you switch the envelope? Consider the following
information before you decide:

e This reasoning holds for all values of x. This means that you actually do not even need to open
the first envelope, and yet this reasoning implies you would still want to switch! Once you get
the second envelope, the same logic applies, so you should switch it back (perhaps doing this
infinitely).

(2 points) Come up with either a Bayesian or Frequentest solution to this paradox. You can just
answer this “philosophically”, i.e., no need for specific computations. There’s not necessarily a right
or wrong answer here.

2. (4 points) Suppose that X is a discrete random variable with:
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where 0 < 6 < 1. Suppose we observe 10 independent observations from such a distribution: (3,0,2,1,3,2,1,0,2,1).
(We'll return to this same distribution later)

¢ (1 point) Verify that this is indeed a valid pmf.

e (2 points) Find the method of moments estimate of 6.

¢ (1 point) Find an approximate standard error for your estimate.

3. (4 points) In a study of bird-feeding behavior, the scientist measured the number of hops between
flights for several birds. The results are given in Table

¢ (2 points) Consider modeling the number of hops between two-flights (X;) as a Geometric random
variable. Derive the method of moment estimator of the relevant model parameters.

¢ (1 point) Do you think this is a good model for the given data? Why or why not?

4. (4 points) The National Bureau of Standards collected data about alpha-particle emissions for ameri-
cium 241, a type of synthetic radioactive metal useful for making smoke detectors. We wish to model
the number of particles emitted per second X; using a Poisson(\) distribution.

Real-data collected by the agency are provided in terms of counting the number of particles (n) emitted
in 1-second intervals, observed over an approximate 203 minute observation period (total of 12,169 1-
second intervals). The data are given in Table

e (1 point) Using the method-of-moments estimation technique, estimate the value of X, the rate of
particles emitted per second.
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Number of hops Count

1 48
2 31
3 20
4 9
5 6
6 5
7 4
8 2
9 1
10 1
11 2
12 1

Table 1: Number of hops between flights.

n Number of Intervals
0 5267
1 4436
2 1800
3 534
4 111
5+ 21

Table 2: Number of 1-second intervals that observed n alpha particle emissions.

¢ (2 points) Using your fitted model, what are the expected counts of intervals for each n? How
does this compare to what was observed?

¢ (1 point, Open ended) Do you think this is an appropriate model for this data? Why or why not?
Consider answering this in terms of a simulation study: simulate several times from your fitted
model, and compare the results to the observed data.



