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Overview



Objectives and overview

e This material is based Chapters 3—6 on the textbook “A First
Course in Design and Analysis of Experiments” (Oehlert,
2000).

e Module outcomes include:

You will be able to describe a completely randomized design.
You will be able to describe the basic model used for ANOVA.
You will know how to perform an analysis of data from a CRD
using ANOVA.

You will be familiar with contrasts and how they are used to
perform inference.

You will understand the fundamental issues regarding multiple
testing, and learn basic methods to overcome these issues.
You will know how to assess model assumptions.
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Completely Randomized Designs



Completely Randomized Design

e Completely randomized design (CRD) is the simplest design
for comparing treatments and is sometimes the preferred
design. © él.l : 7,) %} ) A&i

e Setup:

e There are g treatment groups.
e NN experimental units (EU)s available.
e You want sample sizes of ny,ng,...,ny, with >-7_ n; = N.
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Completely Randomized Design Il

° . All possible sub-group composition are equally as likely.

Performing a Completely Randomized Design

e Randomly choose n; EU's for treatment 1.

Randomly choose no EU's for treatment 2.

Randomly choose n,_1 EU’s for treatment g — 1.

The remaining n, EU’s are assigned to treatment g.

On a computer, this can be done by permuting 1,2,..., N,
and assigning the first n; numbers to treatment 1, the next

no to treatment 2, etc. = (09
%k.w (.

S&MQLQ.— (l . N()\ - ’_f,l,{ 16 [ PJ
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Advantages and Disadvantages

e Advantages
e Simple to do; all you need is one random permutation.
e Simple to explain and understand.
e Simple to analyze.
e No restrictions on the sample sizes (other designs may restrict
e Easy with missing values.
e Disadvantages
e Not always possible or cost-effective.
e The accuracy of the experiment depends on variability among
the EUs, not just the variability among treatment groups.
Thus, it may require more EUs ($$%9).
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Example: Acid Rain

Wood and Bormann (1974) studied the effect of acid rain on trees.
One experiment used 240 six-week-old yellow birch seedlings.
These seedlings were divided into five groups of 48 at random, and
the seedlings within each group received an acid mist treatment 6
hours a week for 17 weeks. The five treatments differed by mist
9'\'\\" H: 4.7, 4.0, 3.3, 3.0, and 2.3. Othwerwise, the seedlings were
treated identically. After the 17 weeks, the seedlings were weighed,
and total plant (dry) weight was taken as response.
Questions: A BUs  oane Wl""t
(G)RY) a_aﬂyd] exeept oy A I

?
e What type of design is this, and can you describe why? SSij“H

W|S 240
worad  plunt ey Weignt

e What are the EUs and how many are there? W‘t{

e What was the response?
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Example: Acid Rain Il

e What compromises may have been made in this case?

Ty one dype ol
s e v wekank (mass)
o ony MeaSued o g g
‘/\J\;X Cenbro] . {M?/Q}'

Like many experiments, the researchers necessarily have to
narrow down an enormous question to a workable experiment

using artificial acid rain under controlled conditions.
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Introduction and definitions

o /_V_(MIJL>/()8;§.,5¢+

o All formal statistical analysis is based on probability models.

e EX: The number of heads in ten tosses of a fair coin would be
Binomial(10,0.5). Here, the model depends on 2 parameters:
N = 10 the number of trials, p = 0.5 is the probability of
heads.

e In an experiment, we may posit several different models for
the data, all with unknown parameters. One of our objectives

is often to describe which model is the best description of the
data, and make inference about parameters.

Definition: Inference
Using data to learn properties of a probability distribution. In our
case, using data to estimate parameters of a model.
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Introduction and definitions Il

e The models we will consider for experimental design will have
two basic parts:
e A description of the expected value, or mean, of the data.
Sometimes called “"model for the means”.
e A description of how data vary around the treatment means.
Sometimes called ‘model for the errors”.
e For the errors, we will generally assume that they are
independent for different data values, have mean zero, and all

have a common variance 0'2.

e To perform formal tests and obtain confidence intervals, we
will further assume a distribution of the errors. Generally, we
assume that the errors follow a Gaussian (Normal)

distribution.
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Introduction and definitions IlI

e For a CRD, we start with two basic models.

e Recall: g treatment groups, N EUs.
o =

1. The Full Model (separate group means)

Yoy € respwe L renbent gouwp

Le{:%

(}*_(_" O\Oyu'\/'«/n\)\/\ A%
%mwp G,

d»elfﬂ;,

N
\\/ 9/100
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Introduction and definitions IV

2. The Reduced Model (single mean model)

Jo P AL, o)
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Defining overall mean

j:'r LI LR R 21y

e It's sometimes useful to express the group means p; as:
*
Hi = [+ Q.

In this case, we call u* the overall mean, and the «a;'s are the
ith treatment effects.

e This introduces an extra parameter (g+1 total), which we
need to address. Generally, we do this by defining 1* and
require that a; = p; — p*.
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Defining overall mean Il

e One classic choice is to define p* as the mean of the

0 %;wvs) o Mmeans )

treatment means:

3, ((Hw P“\’W‘\
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Defining overall mean 1l

* e An alternative choice (that can sometimes make hand-work
simpler) instead describes ;i* as the weighted average: —— >

0.
JAEED A8 3.6-30
L=l
Y
K= WMl
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Defining overall mean IV

e Another common choice in software is to set p* = p;, for
some j € 1 : g. Many software just use the last mean:

W= pig. a
TS ‘gl

x a
M= /u(d o 5\0&«1 Mo
D<1_ = ./{JL*’M_L

My =My =M Mg = Q0 VY
J
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Model Recap

However you choose to define u* and s, we end up with the
following models for the data:

e The full model:
Yij = ,U* + o + €5
e The reduced model:
Yij = 1+ €
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Estimating parameters

e We want to use data to estimate ;'s and the variance o2.
From these, we'll compute p* and o;'s.

e We will focus on computing unbiased estimates of these
parameters.

e Estimate for p;: Ne
~ — > t g
U=l

,/(/L;t L6“ ne

e The estimate for u* is fixed, so it depends on how we defined
it.

16 /100


iPad Air 11-inch (M4)

iPad Air 11-inch (M4)

iPad Air 11-inch (M4)

iPad Air 11-inch (M4)

iPad Air 11-inch (M4)


e 123, 8
L

4y, = L
a L%M\ I%?«ﬂ/) ) 37/“1\
02

(!

(W W«*N\M"— SWP 2

.o e o ol el


iPad Air 11-inch (M4)

iPad Air 11-inch (M4)

iPad Air 11-inch (M4)

iPad Air 11-inch (M4)

iPad Air 11-inch (M4)

iPad Air 11-inch (M4)


Estimating parameters ||

e Unweighted average N \ N
2

A 1 Z M = o z &L

¥ - L

‘/—(.7/\' 8 vl

o Weighted average

¢ izt
0
n T - -‘—i
,a*—_“',;im.ue = - %l“t‘it. e o dij
L=l =
2 n — — -1 9 2
R, = Mool = g - v I3
d (] E )
d P
e Reference Group % =1 3~
Ay /a KA
M _‘: B : e r]
% 0, 1S 7y
[
N o\ J— —_—
= - 0¥ = N =
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Estimating parameters Il|

e The only parameter left to estimate is o2:

2
/VCML, o) (’M"’Mz"“”a”;'
¢ Swnek Square omn

N
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Estimating parameters IV

e Above, we have described point estimates. In some sense,
these are our “best guess” as to the value of a particular

parameter.

e We also want some measure of uncertainty of this estimate.
The standard frequentist way of doing this is a confidence

interval. o Rfeds.

¢
e Confidence intervals for « are not very useful, because it
depends on how we define them. Confidence intervals for

group means are typically defined as: -

boet A T B q SR L - A\
S + W\Mhp\u( : SE<9
T
unbiased e\ imate duu/wlﬁ own
£ ©. rsSumPlns, disth 19 /100
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Comparing Models: ANOVA



Analysis of Variance

e In our analysis of a CRD, our models focus on the mean

responses of the treatment groups.

e A basic question we might want answered: Are all the means

the same, or are some different?

e We can express this same question mathematically:
(0 d.‘% T M Gy

) Yo, = M4 L2

S midel W) Credeceed MM] aAwn a,uLM({_

dosiiphion  of  wy, doke, ox 15
modd (D) reeded. 20/ 100
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Analysis of Variance Il

e The basic idea for many statistical tests (including ANOVA)
follows Occam’s Razor: we use the simplest model that is
consistent with the data; we will only use a more complicated
model if the data indicate that the more complicated model is
needed.

e How do we know if a more complex model is needed? We
compare residuals. A

('l_'d_ = j..& - 3’Ld

o)
(0 (-'\'g = 31&"3.,, —

&Y —
N A

“l
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Analysis of Variance IlI

e The lower the SSR, the more of the variance in the data is
explained by the model.

e Importantly, the SSR for the reduced (single mean) model can
never be lower than the separate model, and in practice, is

nearly always larger.

e What we need now is a way to consistently decide when the
separate means model is sufficiently “better” than the single
means model.

e To do so, we will set up a statistical hypothesis test:

H_o: O(i:Q Jtof PY) G
H.('. K %X O for  Sowa .
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ANOVA mechanics

e ANOVA works by partitioning the total variance in the data
into parts that mimic the model.

e For instance, in the separate mean model, the model says the
data differ from the grand mean by a random error and a

treatment effect: - . *
:j;d' =M -I—O(L + %—ga,
= (3;} —A} = K{ % b
ANOVA will have a similar decomposition: one part dealing
with group means, one part with deviations from those means:;

(% -%.) = (3 3, 4 A+ (s \
’—w - ﬂkm%\

[N
A & rtd— 23 /100
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ANOVA mechanics Il

e Recall from Eq. 2, we have:

. 2
ﬁ% L;g\l —H;&\
[

1
ni 2.0 X
g FRT 2T
= L
ol ¢
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ANOVA mechanics Il

e Finally, we can connect this back to the residuals.

e The Sum of Squared Residuals (SSR) depended on our model:

g n;
SSRsingle means — Z Z (yij B g“)2 :—S\ST

i=1 j=1

g n;
SSRseparate means — Z Z (yij - gﬁ') =SS5k

i=1 j=1

%gﬁ{ 5 S5 SSE
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Calibrating Effect Size

e We have established:

e We will compare single mean against separate mean by
comparing their SSRs.

e Comparing SSR can be done by decomposing total error into
two parts: SS7 =SSt + SSE, and if the separate model is
“much better” than the SSp, will be large.

¢ How large is large enough?

Rrbem SSive i Ak~ Spealii.
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Calibrating Effect Size Il

e The answer also lies in the decomposition of sum of squares.

31y 2 onluy o)

1l
S’Stf/ nJ (Y" %/\
ol
T Jskn  as ravto ok CHNTSfusres.
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ANOVA variable recap

e Sum of Square Residuals:

g ny

SSR=">"(yij — 4i5)"
i=1 j=1
e Treatment Sum of Squares:
g ng 5 9
SSTTt = Z Z (gzo - goo) = an&f
i=1 j=1 i=1

e Error Sum of Squares:

g

SSe =YY (vij — Bis)”

i=1 j=1
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ANOVA variable recap Il

e Total Sum of Squares:

g n
SSr=SSrmi+ S5 =3 (yij — Gos)’
i=1 j=1
e F-statistic:
—1,N—g

SSp/(N—g) 7
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Example in R

We are going to look at an example using the PlantGrowth
dataset in R. This is a built-in dataset, so we don't need to
download anything.
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Example in R 1l

19’ library (emmeans)
data(PlantGrowth) 4' P \OWLJr Grm
~ str(PlantGrowth)
’data.frame’: 30 obs. of 2 variables:
$ weight: num 4.17 5.58 5.18 6.11 4.5 4.61 5.17 4.5..
$ group : Factor w/ 3 levels "ctrl","trtil",..: 1 1 1..

levels(PlantGrowth$group)

[1] "ctrl" "trtl" "trt2"

& nstadl, QCU)KOL%S (tt o M INAM S
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Example in R 111

Jp = M ¥ &y
—>pg_model <- aov(weight ~ group, data = PlantGrowth)
summary (pg_moﬁl)

Df Sum Sq Mean Sq F value Pr(>F) ANO P(
group 2 3.766 1.8832 4.846 0.0159 * \
Residuals 27 10.492 0.3886 ( EL\) -0/

Signif. codes:

0 %%’ 0.001 ’*x’ 0.01 ’%’ 0.05 ’>.” 0.1 > ’ 1
ANOVA  Lable
\ e ss | m3 P P
SSm =+ ?.'. n&d &1“/0" % e \\_\rzv‘}
SSwy fla-) e |
5 -2 L (8 —t
i sSe k“‘ﬂ
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Example in R IV

Now to get group means:

pg_emm <- emmeans(pg_model, ~ group)

pg_emm

Q\fpeul—ci A/U-'&rj-\v\‘"a My

group emmean SE df lower.CL upper.CL N
ctrl 5.03 0.197 27 4.63 5.44 & UM |
trtl 4.66 0.197 27 4.26 5.07 e« //'{‘1/
trt2 5.53 0.197 27 5.12 5.93
67&
5

Confidence level used: 0.95
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Introduction to Contrasts

e An ANOVA can give us a good overview as to whether all the
treatment groups have the same mean response.

e However, an ANOVA by itself does not tell which treatments
are different or in what ways they differ.

e One of the problems: There are many ways to define treatment
effects, so confidence intervals are not immediately useful.

e One method to examine treatment effects is called a contrast.
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Formal Definition

Definition: Contrasts
A contrast is a linear combination of treatment means, p;'s:

with Zwi =0

e The condition ), w; = 0 guarantees that W (u;.4) does not
= Z Wi ML
=7 ws (M* +0ﬂ13

TTW N e Y, Wik

z /(L¥ W, ¥ Z Wik ¢
= JyWAT 35 /100
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Formal Definition |I

e Often the weights w; themselves are referred to as a contrast.

e An observed contrast or estimated contrast is defined as:

yl g,e Z Wilie = Z w0y = 1:g)
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Types of Common Contrasts

Pairwise Contrasts

e |t is often of interest to compare all pairs of groups.

g Ak gioups, (9%} L g e 27
toved  paarwL
6’“‘1: (M foi oD -
Q; \/IPW mowud po:\(wis& C,d-yw@av]somgl
4\ \
U,’\,O\O) \ ((,0,’\,0\/ UIOIO/—\
(o, 1,-1,0) (010,71 (0,01 1)
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Types of Common Contrasts Il

Comparison with a Control
e Let's suppose treatment 1 is a control.

e An obvious idea is to compare the mean or effect of the
control with the average mean or effect of all non-controls.

MR My
"
contrd

Moy & My oo M
W ()= M, ’ - T A

Wy ( E! 2
‘ ‘I ! '7’[ A ‘S 38 /100
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Types of Common Contrasts Il

Multiple Treatments (Factorial Designs)

e Suppose there are two treatment factors, A and B, each at

two levels, 1 and 2.
o We'll denote the treatment group means as
HAL, A2, LB1, 4B2, respectively.

e We might want to compare the averages of just one treatment
type (A vs B or 1 vs 2).

A B,C — \=FE \rrg
\{]% - \\rr‘\cso\HDV\

A B\ cC
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Types of Common Contrasts IV

A N\
(. e What do we do with contrasts? Ml "/f/tg

—

e If a contrast is large (in magnitude), that provides evidence
that there is a difference between treatment levels that are
specified by the contrast. Conversely, if it is small, there is
little evidence of a difference.

e The common question arises: how large is “large enough” to
declare the contrast is not zero?

e We can use the linearity of the model to answer this question!

)

q\’\
"(/”i NN(I)
n
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Inference on Contrasts

e Under the null hypothesis and normality assumption, we can

use Student's t with df = N — g in tests or confidence

. ="
intervals.

e Under the null hypothesis, W (u;) = >, wip; = 0.

e The standardized estimated contrast follows a student-t
distribution with df = N — g:

v
Zi WiYie
)

VMSE\/ 3w [

N

T 2?21 (yij — 3?..)2
N—yg

t =

MSg =
\ X
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Inference on Contrasts Il

e A 1 — « confidence interval for a contrast W (yu;) has the

usual form:
estimate £+ cm x standard error
Mw\'\ip\xu
E
&= N-g, &
loks o lakn W=go) ,
k=o.0c",

esbeate £ \qL x SE
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Contrasts in R

custom_list <- list(
"Ctl vs Average Trt" = c(1, -0.5, -0.5), ;;7
"Ctl vs Trt 1" = c(1, -1, 0)
)

contrast(pg_emm, method = custom_list)
—’_ﬁ_/\

contrast estimate SE df t.ratio p.value
Ctl vs Average Trt -0.0615 0.241 27 -0.255 0.8009
o —
Ctl vs Trt 1 0.3710 0.279 27 1.331 0.1944
T—

5-4
5 S s
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Contrasts in R 1l

pg_cont <- contrast(pg_emm, method = custom_list)

plot(pg_cont)
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Contrasts in R 111

ost - mul¥plier xS

Ctlvs Trt 1 *
2 h
o 0.2?\ 0
=
8
Ctl vs Average Trt r'S

-0.5 0.0 0.5

1.0
estimate
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Multiple Comparisons (/\/\ 5
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Basic Error Types

e A test of a single hypothesis is characterized by two error
rates: the Type | error rate (a) and the Type Il error rate (53).

WY Condition | 1o = e
Not K v
“-b/ um\fo- l 04—-[1M-2,Q Lest
l 0.0
o TyeeT | =)
Teuin ecn \/ cpor a S\l
WX Tyvi'ﬁl ( %\7/
o e T}VW”\ <7
@:W@LW o
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The Need for Multiple Comparisons

e When picking contrasts, it is important to consider the issue

of multiple comparisons. i)”\_\ - I"p(VlOJY k\

e Idea: we pick a « value to test at (e.g., « = 0.05). That
. . e E—
means, for a single test, there is only a 5% chance (1/20) that
we will “incorrectly reject” a true null. What if we conduct
15 tests?

— Nt © @n\aqbll‘:j T rale
MNR - Twun  Zed o Tyt exX s

PLM’ (past 1 mx:l— ?(No Z'rbr%—ré)
- (0qs)
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Types of Error Rates

When conducting K hypotheses, the situation becomes more
complicated, and we must define which type of error rate we to

control.

e Per Comparison Error Rate (PCER): The probability of a Type
| error for a single, specific hypothesis test (standard «).

e Familywise Error Rate (FWER): The probability of making at
least one Type | error among K tests, assuming all null

hypotheses are true.

e Strong Familywise Error Rate (Strong FWER): The v

probability of making at least one Type | error among true %
nulls, regardless of how many null hypotheses are true or false.
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Types of Error Rates II

e False Discovery Rate (FDR): The expected proportion of false
discoveries (false rejections) among all rejected null
hypotheses:

FDR:E[

—

False Rejections
Total Rejections

/\ Gy
Gl
pxpded :f“

« N)@(a“(b
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General Methods: Introduction

e We will start by introducing some general methods that can
be applied regardless of the model assumptions or type of
hypothesis being adjusted.

e The two most general are the Bonferroni and Holm_
adjustment methods, that require no assumptions.

e These can be easily implemented using the p.adjust method

in R:
p-adjust(
c(0.034, 0.001, 0.056, 0.28, 0.06, 0.02), é:/’
method = ’holm’

[1] 0.136 0.006 0.168 0.280 0.168 0.100
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General Methods: Bonferroni Adjustment

e Description: A simple, conservative adjustment based on the
Bonferroni inequality (P(|J E;) < > P(E;)). Makes no
distributional assumptions and works for any set of K tests.

e Error Controlled: Controls the Strong Familywise Error Rate
(Strong FWER) at level a. A=0.05 IS
e How-To Implement: s o.o’)’/lo = 0.005
o Adjust Significance Level: Reject Ho; if p; < qadj = -
o Adjust p-values: Multiply raw p-values by K:

Piadj = min(1, K x p;)
= AN
e When to Use: Best for a small, pre-planned set of K <6

contrasts. Becomes overly conservative as K increases.
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General Methods: Bonferroni Adjustment Il

p-adjust(
c(0.034, 0.001, 0.056, 0.28, 0.06, 0.02), (:x
method = ’bonferroni’

)

[1] 0.204 0.006 0.336 1.000 0.360 0.120 \\\

Py 2> powec { Rorde
. 5% ‘5% 5.4

Roany A

)
Suat,
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General Methods: Holm’s Step-Down Method

e Description: A sequential step-down modification of
Bonferroni. It is strictly and uniformly more powerful than
standard Bonferroni while making zero distributional or
independence assumptions.

e Error Controlled: Controls the Strong Familywise Error Rate

(Strong FWER) at level a. ‘7\ CP ) P
e How-To Implement::
1. Sort raw p—values from smallest to largest:

P < P Looo K p(K)
2. Compare each pg;) sequentlally to the adaptive threshold:

«
Threshold; = ——
resno K—L+1 ’x

el (M povathe

~

o~
Cor Pone bo -\l K
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General Methods: Holm’s Step-Down Method Il

3. Start at i = 1. As long as p(;) < =577, reject H;) and
proceed to 7 + 1.
4. Stop Rule: The moment p(;) > 7577, stop testing and

retain all remaining null hypotheses H ), ..., Hg).

e Alternatively, we can adjust the p-values using the formula:

puas = ma{ min (I~ + D, 1}

S

p-adjust(
c(0.034, 0.001, 0.056, 0.28, 0.06, 0.02),
method = ’holm’

[1] 0.136 0.006 0.168 0.280 0.168 0.100
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General Methods: Benjamini-Hochberg (FDR)

e Description: A sequential step-up procedure designed to
maximize power when testing hundreds or thousands of
hypotheses (e.g., genomics, large screening studies).

e Error Controlled: Controls the False Discovery Rate (FDR)
at target level ¢ (e.g., ¢ = 0.05).

e How-To Implement:

1. Sort raw p-values from smallest to largest:

Py <P < - Sp(_KL-
2. Calculate the FDR critical boundary for each rank :

3
Critical Value; = | —
ritical Value <K> q/
3. Find the /argest rank k such that p(;) < (£)q.
————— T —
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General Methods: Benjamini-Hochberg (FDR) II

4. Decision Rule: Reject H(yy, H(2y, ..., H). (All hypotheses
ranked up to k are declared significant, even if individual
p(s) > Critical Value; for i < k).

p-adjust(
c(0.034, 0.001, 0.056, 0.28, 0.06, 0.02),
method = ’BH’
% - = Lewwon E
L
[1] 0.068 0.006 0.072 0.280 0.072 0.060 L {

<
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ANOVA specific methods

e If we want to use multiple-testing approaches for ANOVA and

contrasts, any of the above are perfectly valid.

e However, we can often use our model assumptions to get more
powerful methods specific to ANOVA and our linear models.

e We will next describe a few key methods in this scenario.
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ANOVA Methods: Tukey’s HSD (All Pairwise)

e Description: Tailored specifically for comparing all possible
pairwise means ((g) comparisons). Uses the Studentized

Range distribution (@) rather than the standard ¢-distribution.
e Error Controlled: Controls the Strong Familywise Error Rate
(Strong FWER) at level « specifically across the family of all
pairwise comparisons.
e How-To Implement:
e Compute the Honest Significant Difference (HSD) threshold:

MS 1 1
HSD = ¢1-« (9, N—g)\/ 2E (n»+n->
i J

e Declare two group means significantly different if
|?7io - yj'| > HSD.
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ANOVA Methods: Tukey’'s HSD (All Pairwise) Il

e Unequal Sample Sizes: Modern software automatically
incorporates the Tukey-Cramer modification above, adjusting

SE for unequal n; and n;.

tukeyRes <- TukeyHSD(pg_model)
plot(tukeyRes, las = 1)

()= (3) =3 comprivom
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ANOVA Methods: Tukey’s HSD (All Pairwise) 11l

95% family-wise confidence level

trti-ctrl o | f i

trt2-ctrl I | |

tri2-trt1 — } | |
I I I I |

-1.0 -0.5 0.0 0.5 1.0 1.5

Differences in mean levels of group
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ANOVA Methods: (Tukey's"HSD (All Pairwise) IV

plot(pg_emm, comparisons = TRUE)
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ANOVA Methods: Tukey’s HSD (All Pairwise) V

trt2 B —
5
otrtl L e
—
o

ctrl < 4 o

4.5 5.0 5.5 6.0
emmean
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ANOVA Methods: Dunnett’s Test (Control vs Treatments)

e Description: Designed specifically for experiments with one
baseline control group and g — 1 treatment groups. Uses a
multivariate ¢-distribution that accounts for the shared
correlation between comparisons involving the same control
group.

e Error Controlled: Controls the Strong Familywise Error Rate
(Strong FWER) at level « across the g — 1
treatment-vs-control comparisons.

e How-To Implement:

e Compute the Dunnett threshold for group i vs control group c:

11
D=d;_o(g—1,N—g) \/MSE ( + )

ng  MNec
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ANOVA Methods: Dunnett’s Test (Control vs Treatments) Il

e Reject Hy : pt; = pe if |Jio — Yeo| > D.
e Advantage: Substantially more powerful than Tukey or
Bonferroni when you only care about comparisons against a
control group.
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ANOVA Methods: Dunnett’s Test (Control vs Treatments) IlI

dunnettRes <- contrast(

pg_emm,

method = "trt.vs.ctrl",

ref = "ctrl" 4 LU\M&' \\S VWM
) sl o !
summary (dunnettRes) 3

contrast estimate SE df t.ratio p.value
—3\trtl - ctrl -0.371 0.279 27 -1.331 0.3296
~—=>

GEER = CBrEl 0.494 0.279 27 1.772 0.1582

P value adjustment: dunnettx method for 2 tests

—%—'
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ANOVA Methods: Scheffé’s Method (Data Snooping)

e Description: Based on the omnibus ANOVA F-distribution.
It is the most conservative post-hoc method, protecting
against false positives across all possible linear contrasts.

e Error Controlled: Controls the Strong Familywise Error Rate
(Strong FWER) at level av across the infinite set of all possible
linear contrasts.

e How-To Implement:

e For any contrast W = > w;Yie, compute the Scheffé Critical
Value (SSD):

SSD — \/(g — 1) Fl_a,4-1,8_g X SE(W)

where SE(W) = y/MSg 7;:?
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ANOVA Methods: Scheffé’s Method (Data Snooping) Il

e Reject Hy: W =0 if [IW] > SSD.

e When to Use: Use when testing custom contrasts
constructed after inspecting the data (" data snooping”) or

testing a large number of non-pairwise complex contrasts.
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ANOVA Methods: Scheffé’s Method (Data Snooping) Il

custom_contrasts <- list(
"Ctrl vs Avg(Trtl, Trt2)" = c(1, -0.5, -0.5),
"Trtl vs Trt2" c(o, 1, -1)

scheffeRes <- contrast(pg_emm, method = custom_contrasts,
adjust = "scheffe") -
N 2 NP O\
summary (scheffeRes) "\-\L\U—‘f , "5(_,\/*-!%(. \ \\Q\“ R
“snbeguus | luanekty M

w
contrast estimate " dE df t.ratio P—van—
Ctrl vs Avg(Trtl, Trt2) -0.0615 0.241 27 -0.255 0. 0‘@8/]
Trtl vs Trt2 -0.8650 0.279 27 -3.103 O-OIQ
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Simultaneous Confidence Intervals

e Definition: A set of intervals [Ly,Ui],...,[Lk,Uk]| are
(1 — o) simultaneous confidence intervals if the probability
that all K intervals cover their true parameter values

01,...,0x simultaneously is at least 1 — «:

K
P(ﬂ{le[Lk,Uk]}> >l—a = 515'0/0

k=1
e General Structure: For linear contrasts 0 = > w;u;,
simultaneous intervals take the standard form:

ék + Ma X SE(ék)

where M., is an adjusted critical multiplier derived from the
multiple testing procedure:
69 /100
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Simultaneous Confidence Intervals 11

* o Bonferroni: My =1t1- 2 N—yg
o Tukey’s HSD: M, = %ql—a,;;,N—g
e Scheffé: M, =/(9—1) Fi—a,g-1,N—g

ke ( Lests, Ka-(o/ o(:o.os‘,
. .
“r vy 7 g s o3

s

k |\~ 2%;: (N% ~ i;\
k
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Duality: Simultaneous Cls and Strong FWER

e The Duality Principle: Hypothesis tests and confidence
intervals are inverted versions of the same mathematical
statement:

Reject Hy : 0y =0atlevelaa <= 0¢ CI,(CI_O‘)

e Why Strong FWER is Required:

o Weak FWER only guarantees protection when all null
hypotheses are true (61 =0y = --- = 0 = 0).

e In practice, some contrasts will be zero and others will be
non-zero. Confidence intervals must cover the true parameters

regardless of which or how many parameters are non-zero.

71/100



Duality: Simultaneous Cls and Strong FWER 11

e Strong FWER controls the Type | error rate under any
combination of true and false null hypotheses. Inverting a test
procedure that controls Strong FWER guarantees (1 — )
simultaneous coverage across all parameters.

e Practical Takeaway: When presenting a plot or table of
Tukey, Bonferroni, or Scheffé simultaneous confidence
intervals, any interval that excludes O corresponds exactly to a
contrast that is statistically significant under that method'’s
Strong FWER-adjusted test at level «.
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Connecting Theory to R: Extracting M, and Cls

o Modern R packages like emmeans apply the critical multiplier

M., automatically when you request confidence intervals.

e Duality in Output: Running summary () displays test
statistics (p-values), while confint () displays simultaneous
confidence intervals derived using the exact same M,,.

73 /100



Connecting Theory to R: Extracting ), and Cls Il

bkl & oy

library (emmeans) ‘?\3

pg_model <- égx(weight ~ group, data = PlantGrowth) &r\
<- del, ~
pg_emm emmeans (pg_mode group)

pg_pairs <- pairs(pg_emm, adjust = "tukey")

summary (pg_pairs)

contrast estimate SE df t.ratio p.value
ctrl - trtil 0.371 0.279 27 1.331 0.3909
ctrl - trt2 -0.494 0.279 27 -1.772 0.1980
trtl - trt2 -0.865 0.279 27 -3.103 0.0120

P value adjustment: tukey method for comparing a family of 3 est
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Summary: Selecting an Adjustment Method

e No single adjustment method is universally “best”—the

choice depends entirely on the structure of your research

question and the family of tests.

Method Target Error Rate  Family Scope Best Application

Bonferroni Strong FWER General (K tests) Small set of pre-planned
contrasts (K < 6)

Holm Strong FWER General (K tests) Step-down alternative to
Bonferroni (more power)

BH / FDR FDR General (K tests) High-throughput screening
/ large K

Tukey / HSD  Strong FWER All Pairwise ((g)) Comparing all treatment
group pairs

Dunnett Strong FWER Control vs All (g —1)  Comparing all treatments
against one control

Scheffé Strong FWER Infinite Contrasts Data snooping / Complex

post-hoc contrasts
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Applied Example: Plant Growth



Example 1: Data Setup and the F-Test

o We will use R’s built-in PlantGrowth dataset, measuring
dried plant yields under a control and two different treatment
conditions.

e As discussed, a Completely Randomized Design (CRD) is the
simplest design for comparing treatments. We have g = 3
groups and N = 30 total plants.

-ty
/\]': zﬂi -

20
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Example 1: Data Setup and the F-Test Il

data(PlantGrowth)
str(PlantGrowth)

’data.frame’: 30 obs. of 2 variables:

$ weight: num 4.17 5.58 5.18 6.11 4.5 4.61 5.17 4.5..
$ group : Factor w/ 3 levels "ctrl","trti",..: 1 1 1..

class(PlantGrowth$group)

[1] "factor"
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Example 1: Data Setup and the F-Test IlI

o We first test the null hypothesis that all group means are
equal using an omnibus ANOVA F-test.

aov ( PlantG~owhn § \U.Q:\Tx( ~J P\M"&N%ﬂ

pg_model <- aov(weight ~ group, data = PlantGrowth) 74”'?\
XY\\ ‘ ,/M{ = M'L 3 ?
summary (pg_model)
- dq' dg

Df Sum Sq Mean Sq F value Pr(>F)
group 2 3.766 1.8832 4.846 0.0159 =*
Residuals 27 10.492 0.3886 =
Signif. codes:
0 ’**xx> 0.001 ’*x’ 0.01 ’x> 0.05 .7 0.1’ ’> 1
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Example 1: Data Setup and the F-Test IV

e Interpretation: With a p-value of 0.0159, we reject the null
hypothesis. There is a significant difference in plant yields
between at least some of the groups. But which ones?
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Example 2: Formulating Custom Contrasts

o We know from our model that the single mean model is

inadequate, so we want to estimate the separate group means.

e Let's test a specific contrast: Is the control group significantly
different from the average of the two experimental
treatments?

80 /100



Example 2: Formulating Custom Contrasts I

library(emmeans)
pg_emm <- emmeans(pg_model, ~ group)
custom_list <- list("Control vs Average Trt" = c(1, -0.5, -0.5))

contrast(pg_emm, method = custom_list)

contrast estimate SE df t.ratio
Control vs Average Trt -0.0615 0.241 27 -0.255
p.value
0.8009
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Example 2: Formulating Custom Contrasts Il

o Interpretation: The p-value is ﬁ% e do not have
sufficient evidence to say the control is different from the
average of the two treatments.
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Example 3: Multiple Comparisons

o What if we want to compare all individual pairs of treatments?

e We must adjust for multiple comparisons to control the
familywise error rate. Tukey's HSD is the preferred method
for all pairwise comparisons.

pg_pairwise <- contrast(pg_emm, method = "pairwise")

summary (pg_pairwise)

contrast estimate SE df t.ratio p.value
ctrl - trti 0.371 0.279 27 1.331 0.3909
ctrl - trt2 -0.494 0.279 27 -1.772 0.1980
trtl - trt2 -0.865 0.279 27 -3.103 0.0120

P value adjustment: tukey method for comparing a family of 3 estimates

83/100



Example 3: Multiple Comparisons Il

o Interpretation: After applying the Tukey penalty, only the
difference between trtl and trt2 is statistically significant
(p = 0.0120). The control is not significantly different from
either individual treatment.
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Other Common Scenarios (See Textbook)

e While Holm and Tukey methods cover many of basic the basic
contrasts we may wish to test, there are specialized methods
for other common scenarios.

e Further Reading: We will not cover the mathematical
derivations of these methods in class, but you can find their
details, applications, and statistical tables in Oehlert (2000).
For instance, comparing all to treatments to the “best”
treatment (section 5.5.2), not known in advance.

85 /100



Testing Model Assumptions



Core Assumptions of the Errors

e The validity of ANOVA results, including contrasts and some
forms of multiple testing, depends on our model assumptions.

e For the one-way ANOVA CRD model: y;; = p* + o + €;5.
e Our main assumptions for this model include:

e All ¢;; are independent
e The variances of ¢;;'s are all the same.
e The ¢;;'s are normally distributed.

86 /100



Peading  ©ft “b/s

OUnapler Bl - B~



iPad Air 11-inch (M4)

iPad Air 11-inch (M4)


Core Assumptions of the Errors Il

e Listing the assumptions in decreasing order of importance:

1. Independence (most important).
2. Constant variance (next most important).
3. Normal distribution (least important).
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Diagnosing Violations

Iy = w¥ b Ay e

e Essentially all methods for diagnosing violation of assumptions
are based on study of the residuals.

e Conceptually: r;; = observed;; — predicted,;. Intuitively, if
your model is appropriate, ;; should resemble ¢;;.

e Tests vs. Plots: There are tests for normality and equal
variances, but they have limitations (small sample sizes lack
power; large sample sizes detect trivial problems).

o Therefore, formal tests are supplemental, while plots are

principal. :g\kx B} /{'J‘f ;\,y\c \
’\. tL“
A PR A TACSSC
Gy 7 Gy T (o )
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R Code: Principal Plots for Diagnostics

e We can generate the principal diagnostic plots (Residual vs
Predicted and Normal QQ Plot) directly from our ANOVA
model object in R.

plot (pg-model, which = 1, main = "Residual vs Pr&ted")

A0

Nyl

T\/\e/o{m call QW \\\{% 89 /100
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Principal Plots for Diagnostics Il

Residuals

1.0

0.0

-1.0

Residual vs Predicted
Residuals vs Fitted

T o1z
i o015 &
o
— o [e]
o [e]
18 6 ~
8 8
-4 o 8 g
[e] [e]
-1 o
I I I I
48 5.0 5.2 5.4

Fitted values
aov(weight ~ group)
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R Code: Principal Plots for Diagnostics IlI

plot(pg_model, which = 2, main = "Normal QQ Plot")
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R Code: Principal Plots for Diagnostics IV

Normal QQ Plot
Q-Q Residuals

170

o o 150

Standardized residuals

I T T T !
-2 -1 0 1 2

Theoretical Quantiles
aov(weight ~ group)
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R Code: Principal Plots for Diagnostics V

e Supplemental Tests: If you need formal statistical tests, you
can use the Shapiro-Wilk test for normality and Levene's test
for equal variances.
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R Code: Principal Plots for Diagnostics VI

shapiro.test(resid(pg_model))

Shapiro-Wilk normality test
data: resid(pg_model)
W = 0.96607, p-value = 0.4379 \\"\)
(¢
wg Yall | pethanes (“ene

library(car)
~ leveneTest (weight ~ group, data = PlantGrowth)

Levene’s Test for Homogeneity of Variance (center = median)
Df F value Pr(>F)

group 2 1.1192 0.3412
27

94 /100


iPad Air 11-inch (M4)

iPad Air 11-inch (M4)


Checking Specific Assumptions

¢ Independence: Independence of the €;;'s cannot be checked

by considering residuals. ni-\
V\I = — (1.
7 g =e P Cen, 2
é_.—,;( bed

covel my, 150 w = ——i)—

T bt way P protert dGuned”
dopendent @y S RS design/rands
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Checking Specific Assumptions Il

e Variance and Normality: Heteroskedasticity (changing
variances) and non-normality usually come hand-in-hand.
Both can be checked by formal tests (supplemental), or by
plots (primary approach). Key plots include:

e Normal QQ-plots
e Residuals vs predicted plot
e Residuals in time order plot
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Remedies: Data Transformations

e The principle remedial tool is re-expression (transformation) of
the response.

e If two transformations 31 = f1(y) and g2 = f2(y) have a

linear relationship (j, = %~ 7). they are completely equivalent
for correcting assumptions.

e For log transformations, the transformations §; = log,(y) and
g2 = logo(y) are equivalent transformations because
1 = In(10)s.
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Remedies: Data Transformations ||

e Another common transformation includes the Box-Cox power
family of transformations for a positive response variable is
defined as:

(¥ =1)/p, p#0

g —
In(y), p=0

o z \[12—
‘3—: ua_e ?’\
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